Gauge theory approach to branes and spontaneous symmetry breaking by Zheltukhin, A. A.
ar
X
iv
:1
50
9.
00
49
6v
5 
 [h
ep
-th
]  
15
 M
ar 
20
17
NORDITA-2015-98
Gauge theory approach to branes and
spontaneous symmetry breaking
A. A. Zheltukhin a,b∗
a Kharkov Institute of Physics and Technology, Kharkov, 61108, Ukraine
b Nordita, KTH Royal Institute of Technology and Stockholm University
SE 106 91 Stockholm, Sweden
August 7, 2018
Abstract
Gauge theory approach to consideration of the Nambu-Goldstone
bosons as gauge and vector fields represented by the Cartan forms
of spontaneously broken symmetries, is discussed. The approach is
generalized to describe the fundamental branes in terms of (p + 1)-
dimensional worldvolume gauge and massless tensor fields consisting
of the Nambu-Goldstone bosons associated with the spontaneously
broken Poincare symmetry of the D-dimensional Minkowski space.
1 Introduction
Equivalence between explicit solution of the string equations and restoration
of its worldsheet in the Minkowski space was observed by Regge and Lund [1]
(see also [2-4]). This statement resulted from the differential geometry of em-
bedded surfaces, in particular, from the first-order linear Gauss-Weingarten
differential equations for the vectors tangent and normal to string worldsheet
[5]. In the case of 4-dim. Minkowski space they found that the integrability
condition for the G-W equations was just the sine-Gordon equation describ-
ing a surface embedded into 3-dimensional Euclidean space. This connection
∗e-mail: aaz@physto.se
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of the nonlinear string equations with the linear equations of the inverse
scattering method [6] added a new sight to numerous efforts to overcome
nonlinearities of the (mem)brane dynamics [7-19] .
The geometric approach by Regge-Lund was generalized to strings em-
bedded into D-dim. Minkowskii space in [20], [21], where its reformulation in
terms of the Yang-Mills theory was developed. The generalization was based
on the Cartan method of moving frame [22] and its development by Volkov
[23] under geometrization of the phenomenological Lagrangian method [24-
27] . The gauge reformulation established equivalence between the string and
a closed sector of states of the exactly integrable 2-dim. SO(1, 1)×SO(D−2)
invariant model of interacting gauge and massless scalar fields. This approach
was recently generalized to the case of the fundamental Dirac p-branes em-
bedded into D-dim. Minkowski space, where the p-brane turned out to be
the exact solution of a (p+ 1)-dimensional model invariant under diffeomor-
phisms and SO(D − p− 1) gauge transformations [28]. The model contains
the constrained SO(D−p−1) multiplets of gauge and massless tensor fields.
The latter represent the second fundamental form of (p + 1)-dim. world
hypervolume. This reformulation is based on the construction by Faddeev
and Semenov-Tyan-Shansky showing the equivalence between chiral and con-
strained Yang-Mills field theories [29].
Here we develop this approach as an alternative way to describe the
Nambu-Goldstone (N-G) fields of a spontaneously broken internal symmetry
G in terms of the constrained vector and Yang-Mills multiplets of the unbro-
ken subgroup H ∈ G. Such a description treats the multiplet components as
new dynamical variables of an associated gauge invariant action. The gauge
covariant constraints are the integrability conditions of the PDEs which ex-
press the N-G fields through the multiplet fields. These conditions are just
the Maurer-Cartan (M-C) equations for the space G/H represented in terms
of the gauge strength and vector fields. We explain how the constraints
reduce the redundant components of the Cartan multiplets preserving the
number of the physical DOF equal to the number of the essential N-G fields.
Using these results we prove that the multiplets of the p-brane model [28]
represent the N-G fields of the broken ISO(1, D − 1) global symmetry of
R1,D−1. The Poincare symmetry breakdown is caused by the embedding of
a (p+1)-dimensional hypersurface Σp+1 into R
1,D−1. We find that the brane
vacuum manifold is fixed by the (D−p−1) conditions: ωa ≡ na(ξ)dx(ξ) = 0
for the local translations orthogonal to Σp+1 at each of its points x(ξ) [20].
These conditions are invariant under the left global ISO(1, D − 1) and the
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right local ISO(1, p)×SO(D− p− 1) transformations of the Cartan moving
frame nA(ξ) attached to Σp+1 and its origin x(ξ). The world vectors x(ξ) and
nA(ξ) are treated as macroscopic translational and rotational order parame-
ters, and Σp+1 emerges as a world hypervolume swept by the Dirac p-brane.
It follows from the SO(D − p− 1) gauge invariant action SDir (113) formu-
lated in terms of the Cartan multiplets located on the minimal hypersurface
Σp+1. This action is also invariant under diffeomorphisms because the gauge
fields of the unbroken gauge subgroup SO(1, p) are identified with the met-
ric connection of Σp+1. The effective tensor multiplet lµν
a(ξ) encoding the
broken rotational and translational N-G modes turns out to be the traceless
second quadratic form of Σp+1. The modes associated with the translations
in R1,D−1 are also presented in SDir by non-dynamical components of the
background metric gµν(ξ) of Σp+1. These modes provide invariance of SDir
under diffemorphisms and generate the cosmological term
√
|g| which is dy-
namical one in the standard Dirac-Nambu action. But in the gauge approach
the dynamical equations for gµν are provided by the Gauss conditions. The
latter, together with the Ricci embedding conditions, are taken into account
in the Euler-Lagrange EOM following from SDir. For the case of string in
3-dim. Minkowski space the Gauss constraints turn out to be equivalent to
the condition Rµν = κgµν defining Einstein spaces [20]. We find that the
G-C-R constraints considered as the initial data of the Cauchy problem for
the brane EOM are conserved. It proves the uniqueness of the found solution
of the Euler-Lagrange PDEs as a consequence of the Cauchy-Kowalevskaya
theorem.
The nonlinear realization of the Poincare group broken to the discussed
subgroup was used in many papers for description of generalized string and
p-brane dynamics (see e.g. [30-36] and refs. there). Construction of effec-
tive string and brane actions including higher-derivative terms in the world
vector x(ξ) was studied there. Various methods, including the use of the
Cartan forms, were proposed to build the Lorentz and diffeomorphism in-
variant higher order terms. However, any systematic scheme producing such
invariants faces the problem of their classification in each order in deriva-
tives, because not all admissible invariants are independent. The Cartan
form products together with their covariant exterior differentials make up
a complete set of invariants contributing to the effective action. This ob-
servation was earlier taken into account in our paper [37], where a general
method was proposed for constructing the individual terms of the expansion
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of the n-point dual amplitude with respect to homogeneous functions of de-
gree r = 1, 2, ... of the Mandelstam kinematic invariants sik. The fulfillment
of the Adler’s principle was ensured there by using a phenomenological La-
grangian invariant under the chiral symmetry and containing higher deriva-
tives of the meson fields. The complete set of the invariants of the fourth
order in the derivatives was built in [37] for an arbitrary semisimple sym-
metry group realized non-linearly. These results are used in the considered
here gauge approach to branes. The Cartan multiplets and their covariant
derivatives create covariant blocks for constructing higher order terms in ef-
fective action of strings and p-branes explicitly invariant under the Lorentz
transformations and diffeomorphisms. This scheme is considered in Sections
2,3, where the general method of phenomenological Lagrangians is shortly
dwelt on. Application of the discussed method to broken Poincare symme-
try yields the desired higher order invariants. For example, the invariant
terms in the gauge invariant actions for the Nambu-Goto string [20], [21]
and Dirac p-brane [28] are quadratic in covariant derivatives of the second
fundamental form and quartic in its components. In view of the generalized
Gauss Theorema Egregium [28] the quartic terms are proportional to the ones
quadratic in the Riemannian tensor components. Similar result was observed
in [34], where for the first leading correction to the Nambu-Goto string action
was found to be quadratic in the world sheet curvature. So, unification of
the Cartan approach explicitly covariant under the Lorentz transformations
and diffeomorphisms with the methods [34], [35] is promising and deserves a
special investigation. It seems also interesting to apply the gauge approach
to the quantization problem of Dirac branes. The point is that the gauge ap-
proach yields a map of the brane dynamics in the dynamics of a Yang-Mills
model which obeys the universal embedding constraints for the world hy-
persurfaces swept by branes. The Cartan multiplets represent the covariant
objects realizing the said map. The gauge invariant p-brane action SDir is
suitable for application of the BRST-BFV method which has demonstrated
its power in quantization of the Yang-Mills theories with constraints (see e.g.
[38], [39]). This method will yield an important information about the ghost
sector structure, anomalies and critical dimension in the theory of branes.
The use of the gauge approach also gives a clear geometric explanation for
many aspects of the classical brane dynamics reformulated in terms of the
Cartan multipletd. So, the inverse Higgs phenomenon [40] which pulls the
trigger for splitting N-G modes into essential and not essential ones means a
simple choice for the first (p+1) vectors ni(ξ) of the moving frame nA(ξ) to
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be tangent to Σp+1. It is equivalent to the above mentioned definition of the
vacuum manifold by the conditions ωa = 0. Another example of the inverse
Higgs conditions emerging in the gauge theory approach to branes is given by
the minimality conditions Spla ≡ gµνlaµν = 0 invariant under all symmetries
of the action SDir.
2 Coset spaces and fiber bundles
Consider the Nambu-Goldstone fields generated by a global semisimple group
of symmetry G with the algebra generators Xi and Yα
[Yα, Yβ] = ic
γ
αβYγ, [Xi, Yα] = ic
k
iαXk, [Xi, Xk] = ic
α
ikYα + ic
l
ikXl. (1)
IfG is a spontaneously broken symmetry of a physical system with its vacuum
invariant under the subgroup H , it is convenient to describe the correspond-
ing N-G fields (in some neighborhood of the identity of G) with the help of
the factorized representation of the group elements ([23],[26],[27])
G(a, b) = K(a)H(b), (2)
where a and b parametrize the group space of G. The left multiplication of
the global group G by any element g ∈ G
gG = G′ → gK(a)H(b) = K(a′)H(b′) (3)
yields the following transformation rules of the parameters a and b
a′ = a′(a, g), b′ = b′(b, a, g), (4)
with the transformed parameters a′ independent of b. This shows that the
parameters a form the left coset space G/H invariant under non-linear trans-
formations ofG. Then these parameters may be mapped into the components
of the N-G field π(x) with the same nonlinear transformation law (4)
π′(x) = a′(π(x), g). (5)
One can see that the left multiplication (3) preserves the form G−1dG
G′−1dG′ = G−1dG. (6)
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As a result, the expansion of the one-form (6) in the generators Xi, Yα
G−1dG = iωiG(a, b, da)Xi + iθ
α
G(a, b, da, db)Yα, (7)
taking into account their algebra (1), creates the Cartan differential one-
forms ωiG and θ
α
G [22] invariant under the left multiplications (3)
ωiG(a
′, b′, da′) = ωiG(a, b, da), θ
α
G(a
′, b′, da′, db′) = θαG(a, b, da, db). (8)
Therefore, it was proposed to use these forms as building blocks for construc-
tion of G-invariant phenomenological Lagrangians [23].
The parameters b in the forms (7) describe non-physical DOF and can
be fixed like gauge parameters. This becomes clear after the substitution of
expression (2) into G−1dG that yields the new representation for this form
G−1dG = H−1(K−1dK)H +H−1dH (9)
which shows that the b-dependence of G−1dG arises as a result ofH-subgroup
gauge transformations of the b-independent form K−1dK.
After taking into account Eq. (9), condition (6) transforms into
H ′−1(K ′−1dK ′)H ′ +H ′−1dH ′ = H−1(K−1dK)H +H−1dH, (10)
where K ′H ′ = gKH, K ′ ≡ K(a′(a, g)), H ′ ≡ H(b′(a, b, g)).
Condition (10) may be rewritten in the form of the transformation law
K ′−1dK ′ = H˜(K−1dK)H˜−1 + H˜dH˜−1, H˜ := H ′H−1 (11)
that shows that the reduced Cartan form K−1dK, depending only on the
coset parameters a and their differentials
K−1dK = iωi(a, da)Xi + iθ
α(a, da)Yα, (12)
transforms like the one-form of the gauge potential forH . The forms ωi(a, da)
and θα(a, da) are the forms (8) calculated at the point a in the fixed coordi-
nate frame with b = 0. Therefore, these forms are not invariant under the
global G-shifts and their transformation rules
ω′iXi = ω
i(H˜XiH˜
−1), θ′αYα = θ
α(H˜YαH˜
−1)− iH˜dH˜−1 (13)
follow from Eq. (11) after using the commutation relations (1).
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For infinitesimal transformations g ∈ G in the fixed basis b = 0 one can
write b′ and H˜ in the following form
b′ = ǫ(a, 0, g), H˜ ≈ 1 + iǫβ(a, 0, g)Yβ. (14)
As a result, Eqs. (13) are presented in the matrix form
δωiXi = iǫ
β [Yβ, Xi]ω
i, δθαYα = iǫ
β [Yβ, Yα]θ
α − dǫγYγ. (15)
which realizes the adjoint representation of the vacuum subgroup H
δωi = cikβǫ
βωk, δθα = −dǫα + cαγβǫ
βθγ. (16)
with the infinitesimal parameters ǫα depending on the coset coordinates a.
This shows that various combinations of the covariant Cartan forms ωi
(12) invariant under the gauge group H are automatically invariant under
the left global transformations of G, and can be used for construction of the
action of the N-G bosons [23]. The Cartan forms θα are the gauge potentials
that permit to introduce covariant differentials for any multiplet of H . Thus,
θα may be used not only for description of interactions between the N-G
fields, but also of their interactions with other fields.
So, we have called to mind the well-known method of non-linear realiza-
tions using N-G fields associated with the spontaneously broken symmetry
G. The method presents the parameter space of G as a fiber bundle where
the coset G/H is the base and H is the fiber. A special accent has been made
on some properties of the reduced Cartan one-forms ωi, θα (12), because they
realize linear representations, and can be alternatively used as new effective
field variables instead of the usual coset coordinates aλ. Due to the Gauss-
Codazzi conditions for the Cartan forms and their gauge covariance, they
do not produce new physical degrees of freedom, but only encode the N-G
fields in terms of the constrained gauge multiplets of the vacuum subgroup
H [29]. This approach to the description of N-G fields does not use any
explicit parametrization of G and reveals their pure geometric roots based
on the conception of connections and gauge fields. In this geometrical de-
scription of N-G fields their Euler-Lagrange equations, derived from a given
phenomenological action, take the form of some gauge covariant constraints
for the Cartan multiplets. To find the form of these constraints we need at
least to choose an invariant phenomenological Lagrangian for the N-G fields.
It will be considered in the next Section where some known examples of
invariant Lagrangians formulated in terms of the Cartan forms will be given.
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3 Phenomenological Lagrangians
Going from the coset parameters a to the N-G fields π(x) and using the
definition of the differential one-forms ωi 1
ωi(π, dπ) = ωiλ(π)dπ
λ (17)
one can see that the Lame coefficients ωiλ(π) have the meaning of the vielbein
components of the curved space G/H , that permits to write the squared
element of length in the tangent space to G/H as
ds2 = ωiω
i = ωiλωiρdπ
λdπρ ≡ gλρ(π)dπ
λdπρ, (18)
where the invariant non-degenerate Cartan-Killing tensor built from the
structure constants of the algebra (1) is used as a metric tensor to raise
the subindex i of ωi. The representation gλρ(π) = ω
i
λωiρ used in (18) is
accompanied with the completeness condition
ωiλ(π)ω
λ
j (π) = δ
i
j (19)
that permits to invert relation (17) expressing dπλ in terms of ωi(d)
dπλ = ωλi ω
i(d), (20)
and the space-time derivative ∂mπ
λ ≡ ∂pi
λ
∂xm
through the vector field ωim
2
∂mπ
λ = ωλi (π(x))ω
i
m(π(x)), ω
i
m :=
ωi(d)
dxm
. (21)
The relations show that the transition to the vector fields ωim(π(x)) from
ωiλ(π(x)) is realized by projecting them on the derivatives ∂mπ
λ, and this
does not increase the DOF number. The simplest invariant action in the
long-wave approximation for N-G fields expressed in terms of ωim(π(x)) is
[23]
S =
γ
2
∫
dDxωimω
m
i (22)
1The greek letters λ, µ, ... from the second half of the alphabet numerate the coordinate
indices of the curved space G/H .
2The latin letters m,n, p, ... placed after the letter l in the alphabet are used for the
space-time coordinates xm.
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and coincides with the action of massless scalar particles quadratic in ∂mπ
λ(x)
in the curved space G/H , but with its coordinates πλ parametrized by xm
S =
γ
2
∫
dDx gλρ(π)∂mπ
λ∂mπρ. (23)
The corresponding EOM for the field πλ(xm) is the geodesic equation
∂m∂
mπρ + Γρλσ∂mπ
λ∂mπσ = 0 (24)
in the Riemannian space G/H with its Christoffel symbols Γρλσ(π
σ(x)).
Another example of an invariant action is provided by using the gauge
form θα for H that follows from (16). This form permits to construct the
gauge covariant exterior differential D ∧ ωi 3
D ∧ ωi = d ∧ ωi + cikαθ
α ∧ ωk. (25)
with a homogeneous gauge transformation under multiplications (3)
δ(D ∧ ωi) = cikβǫ
β(D ∧ ωk), (26)
as it follows from the Jacobi identity produced by the cyclic sum of the
commutators [[Yα, Yβ], Xi] + ... = 0
clβkc
k
αi + c
l
αkc
k
iβ + c
l
iρc
ρ
βα = 0. (27)
As a result, we obtain the invariant action in four-dimensional space-time
quartic in the derivatives of N-G fields
S =
γ˜
2
∫
d4xD ∧ ωi ∧D ∧ ω
i. (28)
However, this action turns out to be equal to the well-known action
S =
γ˜
8
cjk
fcfil
∫
d4xωj ∧ ωk ∧ ωi ∧ ωl (29)
proportional to the squared constant torsion of G/H , as it follows from the
group structure Eq. (44) discussed in the next section 4 Thus, this action
belongs to the above-discussed set of invariant actions polynomial in ωi.
3The symbols ∧ and d∧ denote the exterior product and the external differential of the
differential forms, respectively.
4The physical role of the affine connections corresponding to the constant torsions for
the chiral groups G×G was cleared up in [41].
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More general invariant actions in the D-dimensional Minkowski space can
be built by using the covariant derivatives Dnω
i
m
Dnω
i
m := ∂nω
i
m + c
i
kαθ
α
nω
k
m (30)
instead of the exterior differentials (25) connected with Dnω
i
m by the relation
D ∧ ωi = Dνω
i
µdπ
ν ∧ dπµ. (31)
Using the relation ωi(d) = ωiµdπ
µ = ωimdx
m one can rewrite (31) as
D ∧ ωi = Dnω
i
mdx
n ∧ dxm. (32)
The covariant derivatives Dnω
i
m form linear representations of the gauge
group H and the Lorentz group in D-dimensional Minkowski space. So,
invariant combinations of Dnω
i
m, such as Dnω
n
i Dmω
mi or Dnω
miDnωmi as
well as their higher monomials, are invariants of the left shifts of G. These
combinations form a subset of building blocks composing a general invariant
phenomenological Lagrangian.
At last, we have the covariant two-form F α of the gauge strength for θγ
F α := D ∧ θα = d ∧ θα +
1
2
cαγβθ
β ∧ θγ . (33)
It also undergoes homogeneous gauge transformations under H induced by
the left shifts (3)
δF α = cαγβǫ
βF γ , (34)
as it follows from the Jacoby identity for the structure constants of H
cγα•c
•
νρ + c
γ
ν•c
•
ρα + c
γ
ρ•c
•
αν = 0.
For a semisimple Lie algebra one can choose a basis in which the structure
constants with all lower or upper indices are completely antisymmetric. As
a result, the combinations of the 2-form gauge strength F γ invariant under
the subgroup H are invariant under nonlinear transformations of the group
G, and may also be used for construction of G-invariant actions including
higher order terms in the derivatives of πλ. The kinetic term for the gauge
field θαm(π) composed from the N-G fields
S = −
γ˜
4
∫
dDxF αmnF
mn
α (35)
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is an example of the Lagrangian of the fourth order in the derivatives of πλ
invariant under the group G. There are other important invariants.
So, the Cartan forms make up a complete set of covariant blocks for
construction of general phenomenological action. However, not all monomi-
als constructed from the Cartan forms are linearly independent. he Cartan
structure equations play an important role in search for the number of inde-
pendent invariants.
This short survey of the well-known description of N-G fields allows to
consider their above-mentioned description in terms of new effective dynam-
ical variables: the fields ωim, θ
α
m forming the linear Cartan multiplets.
4 N-G fields as Cartan multiplets
A transition from some dynamical variables to other ones implies the choice of
transition functions connecting these two sets. The transition has to preserve
the number of the original physical degrees of freedom. When the number
of new variables is larger than the number of the original variables, then
the corresponding constraints and/or a gauge symmetry have to be added to
reduce the abundance. The latter case is realized by the transition from the
N-G fields πλ(x) to the massless composite vector ωim(π(x)) and the gauge
fields θαm(π(x)) forming the Cartan multiplets. Indeed, the definition (12) of
the ωi and θα differential forms can be considered to be the matrix system
of PDEs
dK = iωiKXi + iθ
αKYα, (36)
for the matrix K(π(x)) as a function of the given coefficients ωim(π(x)) and
θαm(π(x)). Eqs. (36) express the total differential dK through the products
of K with the Cartan forms. As a result, the N-G fields are presented as
implicit functions of the massless multiplets. Solving PDEs (36) one can
restore the original N-G fields encoded by the Cartan multiplets. The PDEs
are rather nontrivial and put severe constraints on the Cartan multiplets.
The constraints follow from the integrability conditions of Eqs. (36)
d ∧ (ωi(π, dπ)K)Xi + d ∧ (θ
α(π, dπ)K)Yα = 0 (37)
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which transform into the Cartan group structure equations after using (1)
d ∧ ωk =
1
2
ckijω
i ∧ ωj − ckiβθ
β ∧ ωi, (38)
d ∧ θα =
1
2
cαijω
i ∧ ωj −
1
2
cαγβθ
β ∧ θγ . (39)
To see that the new variables presented by the Cartan multiplets do not
contain any abundant physical DOF, we note that Eqs. (38-39) are equivalent
to the Maurer-Cartan (M-C) equations defining the geometric characteristics
of the space G/H [22], [23]. By solving these equations one can restore the
N-G fields identified with the coordinates of G/H modulo its motion as a
whole and coordinate reparametrizations. The mentioned M-C equations
d ∧ ωi + ωik ∧ ω
k =
1
2
cijkω
j ∧ ωk, (40)
d ∧ ωkl + ω
k
j ∧ ω
j
l =
1
2
cklβc
β
ijω
i ∧ ωj. (41)
follow from (38-39) after using the definition of the spin connection ωik(d)
ωik(d) = c
i
kβθ
β(d) (42)
and describe the spaces with constant torsion and curvature tensors
T ijk = c
i
jk, R
k
lij = c
k
lβc
β
ij. (43)
To obtain Eqs. (40-41) there were used the Jacobi identities (27). e The l.h.s.
of Eqs. (40-41) coincide with the covariant differentials (25) and (33), where
θα(d) is changed by the spin connection one-form ωik(d). This substitution
creates the covariant differential D ≡ Dspin in the curved space G/H and
presents its M-C Eqs. (40-41) in the equivalent form
D ∧ ωi =
1
2
T ijkω
j ∧ ωk, (44)
D ∧ ωik =
1
2
Rikjlω
j ∧ ωl. (45)
Eqs. (45) show that the physical DOF represented by the two-form gauge
strength F α (33) are covariantly expressed through the constant Riemannian
tensor of G/H projected on the one-forms ωi of the vector Cartan multiplet
F ij ≡ c
i
jαF
α = Rijklω
k ∧ ωl. (46)
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For the torsionless Riemannian spaces with T ijk = 0 their spin connection
ων
i
k turns out to be expressed through ωi by the relation [28]
Γρνλ = ω
ρ
i ων
i
kω
k
λ + ∂νω
k
λω
ρ
k ≡ ω
ρ
iD
spin
ν ω
i
λ, (47)
where ∂µ ≡
∂
∂piµ
, and Dspinν is the above defined covariant derivative Dν (30)
Dµω
i
ν ≡ D
spin
µ ω
i
ν = ∂µω
i
ν + ωµ
i
kων
k. (48)
In their turn the DOF represented by ωj are restricted by constraints (44)
and the Lagrangian EOM for the N-G fields πλ(x) considered below.
The change-over from the covariant exterior differentials to the covariant
derivatives in Eqs. (44-45) transforms the latter into the system of the first-
order PDEs for the Cartan multiplets ωim and θ
α
m
D[mω
i
n] = T
i
jkω
j
mω
k
n, (49)
Fmn
i
j = R
i
jklω
k
mω
l
n, (50)
where [.m.n] means antisymmetrization in the space-time indices m,n.
So, constraints (49-50) provide the balance between the physical DOF
represented by the Cartan multiplets and by the coset fields πλ.
Now we discuss the representation of the EOM discussed in Section 3 in
terms of the Cartan multiplets. As an example, we consider action (22) and
after taking into account (47) find the expression of geodesic Eqs. (24) in
terms of the Cartan multiplets. The substitution of Γρνλ (47) into (24) yields
∂mπρ,m + ω
ρ
i π
λ,m(Dλω
i
σ)π
σ
,m = 0,
where πρ,m ≡ ∂mπ
ρ, and we obtain
∂mπρ,m + ω
ρ
i π
λ,mDλω
i
m − π
λ,m∂λπ
ρ
,m = 0
after taking into account relations (19), (21). The first and the third terms
in the preceeding equation are mutually cancelled in view of the relation
Dmω
im = πλ,mDλω
im, and EOM (24) transform into the gauge covariant
condition for the massless vector multiplet ωim
Dmω
im = 0. (51)
Eq. (51) gives an example of the additional constraints implied by the EOM
generated by the action (23) quadratic in ∂mπ
λ. Thus, the N-G bosons πλ,
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parametrizing the symmetric space G/H and described by S (23), can be
equivalently described by the massless vector multiplet ωim interacting with
the Yang-Mills field θαm provided the constraints (49-50), (51)
D[mω
i
n] = 0,
Fmn
i
j = c
i
jβc
β
klω
k
mω
l
n, (52)
Dmωim = 0.
are satisfied. The conclusion can be extended to more general Lagrangians
including the higher order invariants, because constraints (49-50) do not
depend on the Lagrangian choice. On the contrary, EOM depend on the
Lagrangian and, therefore yield new constraints instead of (51) together with
a new gauge invariant action expressed in terms of the Cartan multiplets.
The above statement accompanied with the gauge invariant action was
observed by Faddeev and Semenov-Tyan-Shanskii in [29], where they started
from the invariant Cartan forms (7). However, instead of fixing the coor-
dinate frame by the above-used condition b = 0, explicitly removing non-
physical N-G fields, they extended the global left symmetry (3) of the phe-
nomenological Lagrangian by its gauge symmetry under the right multipica-
tions G′ = Gh with h ∈ H . In view of this gauge invariance the redundant
N-G fields associated with the parameters ofH turned out to be non-physical
DOF removed by gauge fixing. The use of G-invariant Cartan forms (7) as
building blocks in effective gauge Lagrangians ensures their invariance under
the global left G-multiplications. But they have also to be invariant under
the right gauge symmetry to preserve the number of the original DOF.
The transformation rules of ωiG, θ
α
G (7) under the right gauge shifts
G′ = Gh → G′−1dG′ = h−1(G−1dG)h+ h−1dh (53)
have the form of the following gauge transformations
ω
′i
GXi = ω
i
Gh
−1Xih, θ
′α
G Yα = θ
α
Gh
−1Yαh− ih
−1dh. (54)
The use of (1) makes it possible to rewrite relations (54) in the form
δωkG = −c
k
iβǫ
βωiG, δθ
γ
G = dǫ
γ − cγαβǫ
βθαG (55)
of the infinitesimal transformations h ≈ 1+ iǫβYβ with the space-time depen-
dent parameters ǫβ differing from (16) by the change of the sign ǫβ → −ǫβ .
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This proves equivalence between the standard description of N-G bosons
[24-27], where they are realized as coordinates of some G/H , and their de-
scription as the Cartan multiplets of the right gauge group H . Using this
statement we will show that p-brane action [28] in D-dimensional Minkowski
space is interpreted in terms of fields for the spontaneously broken Poincare
symmetry ISO(D−1) with the coset ISO(1, D−1)/ISO(1, p)×SO(D−p−
1). Thereat, the Cartan formalism of moving frames discussed below works
as a key mathematical implement.
5 Moving frame in Minkowski space
The moving frame in the Minkowski spaceR1,D−1 with the global coordinates
x = {xm}, (m = 0, 1, ..., D − 1) is formed by the orthonormal vectors nA(x)
nA(x)nB(x) = ηAB, (A,B = 0, 1, .., D − 1), (56)
dx = ωA(d)nA, dnA = −ωA
B(d)nB
with their vertex at the point x. In mathematics a frame is defined as the pair
(x,nA(x)) called the moving D-hedron. The Cartan differential forms ω
A(d)
and ωA
B(d) emerge in the form of infinitesimal translational and rotational
componets of the D-hedron, respectively. In view of the 1
2
D(D + 1) con-
straints (56) one can interprete the D2 dependent componets nmA(x) of the
vectors nA as elements of a pseudoorthogonal matrix nˆ = nmA parametrized
by 1
2
D(D− 1) independent parameters πλ. The latter are identified with the
parameters of the SO(1, D − 1) group. Then the corresponding fields πλ(x)
can be treated as the N-G fields of the completely broken SO(1, D−1) sym-
metry. So, the frame nA(x) gives an implicit representation of the N-G fields
of the maximally broken Lorentz symmetry when H = I. Non-linear trans-
formations of πλunder the left multiplications from the global Lorentz group
SO(1, D− 1) follow from the matrix multiplication
n′mA = lm
knkA, (57)
where lˆ is a Lorentz transformation matrix lm
plnp = δm
n. Having found
the transformation law for πλ(x) from Eqs. (57) one can build an invariant
Lagrangian for the completely broken SO(1, D− 1) symmetry.
On the other hand, frame treated as a matrix carries a right index A, and
one can consider the right action of a new gauge group SOR(1, D − 1)
n′A = −LA
B(πλ)nB, LA
BLCB = δ
C
A (58)
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which preserves the constraints (56). As a result, the matrix nˆ(πλ) is covari-
ant under the left global and right local transformations
n′mA = −lm
knkB(L
−1)BA (59)
forming the group SO(1, D− 1)× SOR(1, D − 1) which preserves (56).
But, involvement of SOR(1, D − 1) as a new gauge symmetry for a La-
grangain corresponding to the complete symmetry breaking will allow to
remove all N-G fields. However, the situation changes when the right gauge
symmetry is chosen to be a subgroup HR of SOR(1, D − 1), because it al-
lows to remove only the N-G fields corresponding to the generators of the
unbroken symmetry H . Nevertheless, the discussed example of the complete
breaking of the global SO(1, D−1) symmetry is instructive for illustration of
the connection between the frame and the left invariant Cartan form nˆ−1dnˆ
ωA
B(d) = (nˆ−1dnˆ)A
B ≡ nAdn
B. (60)
An infinitesimal right local rotation from SOR(1, D − 1) applied to nA
δnA = nBǫ
B
A (61)
results in the following gauge transformation of ωA
B(d)
δωA
B(d) = dǫA
B + [ω(d), ǫ]A
B (62)
with the commutator [ωˆ, ǫˆ] in the r.h.s.. We see, that the left invariant ωˆ-
form transforms as a gauge one-form under the right transformations from
SOR(1, D − 1). This demands the use of the covariant differential DA
B
DA
B = δA
Bd+ ωA
B(d). (63)
for a vector field V = V AnA transforming as δVA = VBǫ
B
A that results in
δ(DV )A = (DV )Bǫ
B
A. (64)
Using the covariant differential (63) we present (62) in the standard form
δωˆ = [D, ǫˆ]. (65)
and the gauge covariant 2-form of the strength FA
B built from ωA
B(d)
FA
B := DA
C ∧DC
B = (d ∧ ω + ω ∧ ω)A
B (66)
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using the exterior product of the covariant differentials.
In Secton 4 it has been explained that the description of N-G fields as
gauge fields needs to satisfy proper integrability conditions. In the discussed
case these conditions are the integrability ones for Eqs.(60) which can be
rewritten as PDEs for the frame components
dnA = −ωA
B(d)nB. (67)
Then the integrability conditions for Eqs.(67) are presented in the form
d ∧ ωA
B + ωA
C ∧ ωC
B = 0 → FA
B = 0. (68)
Eqs. (68) show that the one-form ωA
B treated - as a gauge potential for
the maximal right gauge symmetry SOR(1, D − 1) - represents the pure
gauge DOF. This agrees with the above made statement that the addition
of SOR(1, D − 1) as a new Lagrange gauge symmetry for the case of the
complete breakdown of the Lorentz group removes all rotational N-G fields.
However, in the case of p-brane the Lorentz symmetry is partially broken
to its subgroup H = SO(1, p)× SO(D− p− 1). Then the right gauge group
SOR(1, D−1) is changed by its subgroup HR = SOR(1, p)×SOR(D−p−1).
Thereat, there will be excluded only the N-G fields corresponding to the
unbroken subgroup H . The remaining N-G bosons will be presented by the
Cartan multiplets described by the invariant action [28].
6 Hypersurfaces and moving frames
Consider a (p + 1)-dim. world hypersurface Σp+1 embedded into the space
R1,D−1 invariant under the global Poincare group ISO(1, D− 1). The world
coordinates of x(ξµ) of Σp+1 depend on its (p+ 1) internal coordinates ξ
µ =
(τ, σr), (r = 1, 2, .., p). One can assume that Σp+1 is hyper-volume swept by
a p-brane. The fields nA(ξ) (56) attached to Σp+1 can fix its orientation at
each point x(ξµ). Any fixation of the origin and orientation of nA means the
choice of a vacuum state of a p-brane. Using arbitrariness in orientation of
nA one can fix the manifold of degenerated vacuum states by the condition
for the first p+ 1 vectors ni, (i, k = 0, 1, ..., p) to be tangent to Σp+1 at each
point x(ξµ). The residual rotational symmetry of so chosen vacuum manifold
is described by the SO(1, p)× SO(D − p− 1) of the local right rotations of
nA(ξ). Requirement of this symmetry is equivalent to spontaneous breaking
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of the left global symmetry SO(1, D − 1) to SO(1, p) × SO(D − p − 1)
in correspondence with our previous discussion. Then the rotational N-G
fields can be described by the above-discussed Cartan multiplets. A fixing
of the order parameter x(ξ) of Σp+1 will spontaneously break the global
translational symmetry of R1,D−1. The subgroup SO(1, p) consists of the
Lorentz rotations acting in the planes tangent to Σp+1 which are added by
independent SO(D − p− 1) rotations acting in (D − p− 1)-dim. subspaces
normal to Σp+1. The subspaces are spanned by the orts na (a, b = p+ 1, p+
2, ..., D − p − 1). Thus, our choice of the vacuum manifold splits the frame
vectors nA (56), originally encoding the
1
2
D(D−1) N-G bosons of the broken
Lorentz group, into two subsets: nA = (ni,na). These subsets form linear
representations of the right local subgroups SO(1, p) and SO(D − p − 1),
respectively. As a result, among the 1
2
D(D− 1) rotational N-G bosons there
are 1
2
(p+1)p+ 1
2
(D−p−1)(D−p−2) representing non-physical DOF which
can be removed by gauge fixing.
The remaining (p+1)(D−p−1) DOF correspond to the real rotational N-
G bosons identified with the coordinates of the coset SO(1, D−1)/SO(1, p)×
SO(D−p−1), and can be described in terms of the constrained Cartan vector
and gauge multiplets. These multiplets form the blocks of the differential
matrix one-form ωA
B (60) belonging to the Lorentz algebra SO(1, D− 1)
ωA
B(d) =
(
Ai
k Wi
b
Wa
k Ba
b
)
. (69)
The diagonal one-form submatrices Aµi
kdξµ and Bµa
bdξµ in (69) describe the
gauge fields in the fundamental representations of the unbroken SO(1, p) and
SO(D−p−1) subgroups, respectively. The off-diagonal submatrix Wµi
bdξµ,
having (p + 1)(D − p − 1) components equal to the number of N-G bosons,
describes a charged vector multiplet in the bi-fundamental representation of
the subgroup SO(1, p)× SO(D − p− 1) with the covariant derivative
(DµWν)i
a = ∂µWνi
a + Aµi
kWνk
a +Bµ
a
bWνi
b. (70)
The covariant derivatives D
||
µ and D⊥µ associated with the gauge fields Aˆµ
and Bˆµ, respectively, are given by
D||µΦ
i = ∂µΦ
i + Aµ
i
kΦ
k, (71)
D⊥µΨ
a = ∂µΨ
a +Bµ
a
bΨ
b. (72)
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In terms of these covariant derivatives the strengths Fµνi
k, Hµνa
b for Aˆµ and
Bˆµ, respectively, are presented as follows
Fµνi
k ≡ [D||µ, D
||
ν ]i
k = (∂[µAν] + A[µAν])i
k (73)
Hµνa
b ≡ [D⊥µ , D
⊥
ν ]a
b = (∂[µBν] +B[µBν])a
b. (74)
Then the integrability conditions (68) take the form of the constraints
Fµνi
k = −(W[µWν])i
k, (75)
Hµνa
b = −(W[µWν])a
b, (76)
(D[µWν])i
a = 0 (77)
which are the Gauss-Ricci-Codazzi eqs. reformulated in terms of the massless
vector multiplet Wµi
a and the gauge strenghts Fˆµν , Hˆµν of the unbroken
subgroup of the gauge Lorentz group attached to the base hypersurface [28].
The geometry of Σp+1 is described by the induced pseudo-Riemannian
metric gµν(ξ) defining the Levi-Chivita connection Γ
ρ
µν
gµν(ξ) = ∂µx∂νx, Γ
ρ
µν =
1
2
gργ(∂µgνγ + ∂νgµγ − ∂γgµν) (78)
which must be added into the gauge-covariant derivative (DµWν)i
a (70)
DµWνi
a → ∇ˆµW
a
νi = ∂µWνi
a + Aµi
kWνk
a +Bµ
a
bWνi
b − ΓρµνW
a
ρi (79)
that makes it covariant under reparametrizations of Σp+1. In view of the
symmetry Γρµν = Γ
ρ
νµ the covariantization changes not the G-R-C constraints
(75-77), but the commutator of the derivatives (70)
[∇ˆµ, ∇ˆν ] = Fˆµν + Hˆµν + Rˆµν (80)
by adding the Riemann-Cristoffel tensor of the metric gµν (78)
Rµν
γ
λ = ∂[µΓ
γ
ν]λ + Γ
γ
[µ|ρΓ
ρ
|ν]λ. (81)
The invariant Cartan forms for the generators of global translations of
R1,D−1 are equal to dxm, where xm are the global Cartesian coordinates in
Minkowski space. The projections of dx on the local frame vectors nA(ξ)
coincide with components of the local translational Cartan form ωA (56)
ωA(d) = dxnA(ξ) ≡ dxmnm
A (82)
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which is the D-bein one-form of the Minkowski space referred to the local
frame. Eqs.(82) show the role of nAm(x) =
ωA(d)
dxm
as a local Lorentz matrix
nm
AnnA = ηmn connecting the components of the global and local vielbein
one-forms. So, we can treat (82) as the PDEs which express the local trans-
lations ωA(d) through dx. The integrability conditions for Eqs. (82)
d ∧ ωA + ωA
B ∧ ωB = 0 (83)
reproduce the second set of the M-C equations for the Minkowski space
additional to the first set (68). Eqs. (68) and (83) form the M-C struc-
ture equations of the Minkowski space which is the homogeneous space
ISO(1, D− 1)/SO(1, D− 1) for the global Poincare symmetry.
After localization of the translation parameters ǫm(ξµ) on Σp+1 the trans-
formation law for dxm(ξ) changes into the form
δdxm = dǫm (84)
like an abelian gauge one-form. The splitting nA = (ni,na) induces the
splitting ωA(ξ) = (ωi, ωa) into the tangent and orthogonal components to
Σp+1 at each of its points. In the chosen vacuum manifold ni are tangent to
Σp+1 that is equivalent to the orthogonality conditions
ωa ≡ na(ξ)dx(ξ) = 0 → dx = ω
i(d)ni(ξ). (85)
In view of invariance of ωa(d) under the left ISO(1, D − 1) global transfor-
mations one can, of course, interpret the conditions ωa = 0 similarly to the
inverse Higgs phenomenon [40]. In our case, however, these conditions mean
the choice of ISO(1, p)×SO(D−p−1) as a vacuum subgroup for the Poincare
symmetry expressing physical equivalence of the remaining orientations and
positions of Σp+1 in the Minkowski space. Invariance of (85) under the right
local ISO(1, p)× SO(D − p− 1) transformations of the moving polyhedron
(x(ξ),nA(ξ)) shows that the Poincare symmetry is spontaneously broken.
In view of ωa = 0 the quadratic element ds
2 = dx2 of Σp+1 takes the form
ds2 = ωiω
i = ωiµωiνdξ
µdξν ≡ gµν(ξ)dξ
µdξν. (86)
This shows that the values ωiλ(ξ) are the components of a (p + 1)-bein of
Σp+1 in terms of which its induced metric gµν(ξ) is
gµν := eµeν = ω
i
µηikω
k
ν , (87)
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where eµ(ξ) is the natural frame on Σp+1
eµ = ω
i
µni, ω
i
µω
µ
k = δ
i
k. (88)
So, the unbroken translational modes from x(ξ) are condensed in the (p+1)-
bein ωiλ and the metric gµν . The dynamical role of the broken translational
modes becomes clear after the substitution of (D− p− 1) conditions ωa = 0
into the integrability conditions (83) that results in their splitting
D
||
[µω
i
ν] ≡ ∂[µω
i
ν] + A[µ
i
kων]
k = 0, (89)
ωi[µWν]ia = 0 (90)
connecting ωiµ with the fields Wµi
a and Aµ
i
k (70).
The solution of constraints (90)
Wµi
a = −lµν
aωνi , (91)
reveals that the rotational N-G modes Wˆµ referred to the natural frame eµ(ξ)
(88) turn out to be components of the second fundamental form lµν
a of Σp+1
lµν
a := na∂µνx. (92)
Thus, we find that the fixation of the vacuum manifold by the conditions
ωa = 0 makes the N-G bosons of the broken translations shifted into the
second fundamental form. This permits to express the N-G bosons of the
broken Lorentz transformations and translations through the components of
laµν .
Another effect of the vacuum conditions follows from Eqs. (89) which are
equivalent to the conditions of the parallel transport of ωiµ along Σp+1
∇||µω
i
ν ≡ ∂µω
i
ν − Γ
ρ
µνω
i
ρ + Aµ
i
kω
k
ν = 0 (93)
which manifests the tetrade postulate resulting in solution (47). The latter
represents Γρµν through the gauge field Aµ
i
k. The inverse relation represents
Aµ
i
k and its strength Fµνi
k through Γρνλ and the Riemann tensor Rµν
γ
λ (81)
Almν = ω
l
ρΓ
ρ
νλω
λm + ωlλ∂νω
λm, (94)
Fµν
i
k = ω
i
γRµν
γ
λω
λ
k . (95)
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This means that the SO(1, p) gauge field referred to the natural frame eµ(ξ)
turns out to be the metric connection Γρνλ. The substitutions of Γ
ρ
νλ instead
of the gauge field Aνik, and the tensor field lµν
a = −ωiνWµi
a for Wµi
a into the
G-R-C constraints (75-77) transform them into the desired constraints [28]
Rµν
γ
λ = l[µ
γalν]λa, (96)
Hµν
ab = l[µ
γalν]γ
b, (97)
∇⊥[µlν]ρa = 0, (98)
where the general and SO(D − p− 1) covariant derivative ∇⊥µ is defined as
∇⊥µ lνρ
a := ∂µlνρ
a − Γλµνlλρ
a − Γλµρlνλ
a +Babµ lνρb. (99)
The commutator of these covariant derivatives yields the Bianchi identitities
[∇⊥γ , ∇
⊥
ν ]l
µρa = Rγν
µ
λl
λρa +Rγν
ρ
λl
µλa +Hγν
a
bl
µρb. (100)
Eqs. (96) generalize the Gauss Theorema Egregium for surfaces in 3-dim.
Euclidean space to the case of (p+1)-dimensional world hypersurfaces em-
bedded into D-dim. Minkowski space.
To identify Σp+1 with the p-brane hypervolume we have to construct
a gauge invariant (p + 1)-dim. action formulated in terms of the Cartan
multiplets and to prove that its Euler-Lagrange EOM are compatible with
constraints (96-98) and the EOM of a p-brane. The problem is solved in the
next section according to the scheme described in Section 4.
7 Gauge invariant action for branes
The Dirac p-brane action [42] in D-dimensional Minkowski space equals the
brane hypervolume including the determinant of the induced metric gµν (78)
S = T
∫
dp+1ξ
√
|det(∂µx∂νx)|. (101)
This action yields the non-linear wave equation for the world vector x(ξµ)

(p+1)x = 0, (102)
where (p+1) is the D’Alembert-Beltrami operator on the hypersurface Σp+1

(p+1) :=
1√
|g|
∂α
√
|g|gαβ∂β . (103)
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Eq. (102) means that the Dirac p-brane sweeps the minimal hypersurface
Σp+1 defined by the algebraic conditions
Spla ≡ gµνlaµν = 0 (104)
for the second fundamental form lµν
a defined by (92). The equivalence of
these conditions to the wave Eq. (102) follows from Eqs. (85) as a result of
the orthogonality between na and the vectors ∂βx tangent to Σp+1: n
a ∂x
∂ξβ
= 0
that makes the metric connection contribution vanishing.
In correspondence with the gauge theory reformulation of the broken
Lagrangians discussed in Section 4 the minimality condition (104) plays the
role similar to Eq. (51) representing the standard N-G EOM in the gauge
approach. So, Eqs. (96-98), (104) are analogous to Eqs. (52), and yield a
complete set of data to represent Dirac action (101) in terms of the Cartan
multiplets. Such a representation is given by the below-discussed gauge-
invariant action SDir (113) including a brane metric gµν which is considered
as a given (background) field [28]. However, it does not mean that gµν is
not a dynamical field, because its dynamics is already fixed by the Gauss
condition (96) treated as the second order PDEs for gµν with a given l
a
µν . In
its turn the dynamics of the N-G multiplet laµν is derived using the standard
variational principle for the action (113). For the Nambu-Goto string (p=1)
in 3-dimensional Minkowski space the metric condition (96) is the Lioville
equation on string world-sheet showing that it is 2-dim. Einstein space
Rµν =
R
2
gµν .
Keeping in mind such peculiarities in application of the variational princi-
ple for dynamical description of the metric and Cartan fields we consider
derivation of (113) step by step. It will permit to avoid a possible missun-
derstanding of the presented results.
In the long wave approximation the leading order for a gauge invariant
brane action has to be quadratic in the derivatives of the Cartan multiplets.
To find such an action we start from a generalized Landau-Ginzburg action
S = γ
∫
dp+1ξ
√
|g|{−
1
4
Sp(HµνH
νµ) +
1
2
∇⊥µ lνρa∇
⊥{µlν}ρa
−∇⊥µ l
µ
ρa∇
⊥
ν l
νρa + V } (105)
with a potential V encoding self-interaction of the N-G fields laµν and compat-
ible with Eqs. (96-98). We prove that Eqs. (96-98), (104) permit to restore
23
V in a unique fashion. The EOM for Bµ
ab and lµν
a following from (105) are
∇⊥νH
νµ
ab =
1
2
lνρ[a∇
⊥[µlν]ρb], (106)
1
2
∇⊥µ∇
⊥[µl{ν]ρ}a = −[∇⊥µ,∇⊥{ν ]lµ
ρ}a +
∂V
∂lνρa
, (107)
where Habµν = H
ab
µν − l[µ
γalν]γ
b is the shifted strenght Habµν .
Then one can see that the Ricci and Codazzi eqs. (97-98) presented as
Habµν = 0, ∇
⊥
[µl
a
ν]ρ = 0, (108)
form the solution of Eqs. (106-107) provided V satisfies the conditions
∂V
∂lνρa
= [∇⊥µ,∇⊥{ν ]lµ
ρ}a. (109)
The Bianchi identitities (100) permit to express the r.h.s. of (109) through
Rγνρλ, H
ab
γν and l
a
µν . Then conditions (109) could be transformed into PDEs
for the scalar function V (l) if Rγν
ρ
λ and Hγν
ab could be represented as some
explicit functions of laµν . Such a representation is given by the Gauss (96) and
Ricci (97) conditions. This clarifies the dynamical role of these conditions as
the selection rules defining V and the metric in S (105). The substitution of
Eqs. (96-97) in (109) transforms the latter into the PDEs for the potential
V (l) fixing it to be the invariant quartic polynomial in lµν
a
1
2
∂V
∂lνρa
=
1
2
(l{alb})ρνSplb + (2lbl
alb − lalbl
b − lbl
bla)ρν − lρνb Sp(l
bla) (110)
where Sp(lalb) = gµνlaµρl
bρ
ν . The solution corresponding to Dirac branes is
VDir = −
1
2
Sp(lalb)Sp(l
alb) + Sp(lalbl
alb)− Sp(lal
albl
b) + c, Spla = 0 (111)
with the integration constant c. The minimality condition in (111) is invari-
ant under all symmetries of S (105), and is interpreted as the inverse Higgs
phenomenon condition additional to ωa = 0. Then EOM (107) reduce to
1
2
∇⊥µ∇
⊥[µl{ν]ρ}a ≡ ∇⊥µ (∇
⊥[µlν]ρa +
1
2
∇⊥[νlρ]µa) = 0→ ∇⊥ρ∇
⊥
µ l
µρa = 0 (112)
where we used the identity ∇⊥[µl
[ν]ρ]
a = −∇⊥[νl
ρ]µ
a .
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As a result, we obtain the desired invariant action for the Dirac p-brane
SDir = γ
∫
dp+1ξ
√
|g| L,
L = −
1
4
Sp(HµνH
νµ) +
1
2
∇⊥µ lνρa∇
⊥{µlν}ρa −∇⊥µ l
µ
ρa∇
⊥
ν l
νρa
−
1
2
Sp(lalb)Sp(l
alb) + Sp(lalbl
alb)− Sp(lal
albl
b) + c (113)
desribing the interacting traceless tensor laµν and vector B
ab
µ multiplets in
the background metric gµν . Thereat, the dynamical equations for gµν are
encoded by the Gauss conditions (96) automatically built in SDir.
The Euler-Lagrange EOM for SDir (113) can be written in the form
∇⊥ν H
νµ
ab =
1
2
lνρ[a∇
⊥[µlν]ρb], (114)
∇⊥µ∇
⊥[µlν]ρa +
1
2
∇⊥[ν∇⊥µ l
ρ]µa = 0, (115)
of the second order PDEs after using Eqs. (104), (112) and the identities
[∇⊥µ, ∇⊥[ν ]lρ]aµ = ([l
b, la])νρSplb (116)
which follow from the Bianchi identities (100).
Now we prove that Eqs. (108) yield the general solution of (114-115).
Taking into account that (108) are PDEs of the first order we consider them
to be the Cauchy initial data for PDEs (114-115) chosen at the time τ = 0
Hνµab (0, σ
r) = 0, ∇⊥[µlν]ρa (0, σ
r) = 0, ∇⊥µ l
µρ
a (0, σ
r) = 0 (117)
and show that the R-C Eqs. (108) are always satisfied in view of EOM
(114-115). Using the power series expansion of Hνµab and ∇
⊥[µlν]ρa
Hτrab(δτ, σ
r) = Hτrab |τ=0 + ∂τH
τr
ab |τ=0δτ + ... = ∇
⊥
τ H
τr
ab |τ=0δτ + ..., (118)
∇⊥[τ lν]ρa(δτ, σr) = ∂τ∇
⊥[τ lν]ρa|τ=0δτ + ... = ∇
⊥
τ ∇
⊥[τ lν]ρa|τ=0δτ + ... .
and Eqs. (114-115), (117) we obtain
Hτrab(δτ, σ
r) = −∇⊥r′H
r′r
ab |τ=0δτ + ... , (119)
∇⊥[τ lν]ρa(δτ, σr) = −(∇⊥r′∇
⊥[r′lν]ρa +
1
2
∇⊥[ν∇⊥µ l
ρ]µa)|τ=0δτ + ... . .
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Then observing that the space covariant derivatives of (117) are equal to zero
∇⊥r′H
νµ
ab |τ=0 = ∇
⊥
r′∇
⊥[µlν]ρa|τ=0 = ∇
⊥
r′∇
⊥
µ l
µρ
a |τ=0 = 0, (r
′ = 1, 2, ..., p)
derive conservation of the part of desired Ricchi-Codazzi conditions
Hτrab(τ, σ
r) = 0, ∇⊥[τ lr]ρa (τ, σ
r) = 0, ∇⊥µ l
µρ
a (τ, σ
r) = 0. (120)
Vanishing of the magnetic components Hsrab follows from their definition and
the first pair of the Maxwell equations for Hµνab resulting in the equations∑
cycle(µνρ)
(∇⊥µH
ab
νρ +∇
⊥
[µl
[a
ν]λl
b]λ
ρ ) = 0, (121)
where
∑
cycle(µνρ) denotes the sum in the cyclic permutations of the µ, ν, ρ
indices. Eqs. (121) are easily derived using the identities∑
cycle(µνρ)
∇⊥µ (l
a
λ[νl
λb
ρ] ) =
∑
cycle(µνρ)
∇⊥[µl
[a
ν]λl
b]λ
ρ . (122)
By combining equations (121), (120) with the Cauchy data (117) we ob-
tain Hsrab(δτ, σ
r) = 0. The substitution of all the above found solutions to
(112) and (114) permits to show that ∇⊥[rl
s]τ
a (δτ, σr) = ∇⊥[rl
s]q
a (δτ, σr) = 0.
The latter proves conservation of the complete set of the Codazzi conditions
∇⊥[µl
ν]ρ
a = 0. Thus, the R-C eqs. (108) are actually conserved in time
Habµν(δτ, σ
r) = Habµν(0, σ
r), ∇⊥[µl
a
ν]ρ(δτ, σ
r) = ∇⊥[µl
a
ν]ρ(0, σ
r) (123)
together with their consequences ∇⊥µ l
µρ
a (τ, σ
r) = 0 following from the mini-
mality conditions (104). In correspondence with the Cauchy-Kowalevskaya
theorem of local existence and uniqueness, we see that Eqs. (108) define the
covariant solution of EOM (114-115) modulo the gauge and diffeomorphism
symmetries of SDir. Then these EOM become equivalent to the identities
∇⊥µHabµν = 0, ∇
⊥µ∇⊥[µl
a
ν]ρ = 0 (124)
produced by the covariant differentiation of the Ricci-Codazzi Eqs. (108),
and can be equivalently written in the form of the generalized Maxwell-Y-M
and Newton equations in the gravitational field defined by Eqs. (96)
∇⊥ν H
νµ
ab = j
µ
ab, j
µ
ab = Sp(l[a∇
⊥µlb]), ∇
⊥
µ j
µ
ab = 0, (125)
∇⊥µ∇
⊥µlνρa =
1
2
∂VDir
∂lνρa
≡ (2lbl
alb − lalbl
b − lbl
bla)νρ − lνρb Sp(l
bla). (126)
26
We conclude that SDir (113) with the chosen potential VDir (111) reformulates
the Dirac p-brane dynamics it terms of the Cartan multiplets. The particular
solution V = const, laµν = 0 describes flat branes with gµν = ηµν .
In the original brane action S (101) the N-G translational modes are
condenced in the volume of the coset ISO(1, D− 1)/SO(1, D− 1) expressed
through the derivatives of x. This action is the leading term in the long-wave
description of the brane dynamics. In the action SDir (113) the translational
modes form the background metric gµν treated as an independent field. The
broken translational and rotational modes condenced in laµν associate with
the extrinsic curvature of Σp+1. The Gauss conditions (96) connect the rota-
tional and translational N-G modes and defines dynamics of the metric field
gµν . SDir also contains the cosmological term that points to spontaneous
breakdown of the global Poincare symmetry of the Minkowski space.
8 Summary
The gauge theory approach to branes was interpreted in the language used
for the system with spontaneously broken internal symmetries. However, in
contrast to the standard description of the Nambu-Goldstone fields as co-
ordnates of a coset G/H , we considered their purely geometric description
without any explicit parametrization. It was based on the use of moving
frames, the Cartan forms and the right gauge symmetries HR. These sym-
metries remove auxiliary N-G modes corresponding to the generators of the
vacuum subgroups H of the completely broken global symmetry G. This
shows equivalency of the N-G fields to the Cartan multiplets formed by the
constrained vector and Yang-Mills multiplets of HR. Then we extended this
approach to p-branes embedded into Minkowski space R1,D−1 invariant un-
der the global Poincare symmetry ISO(1, D − 1). The latter was treated
as the symmetry spontaneously broken by the presence of a minimal brane
hypersurface Σp+1. We treated the orthonormal vectors of the Cartan mov-
ing frame nA(ξ) attached to Σp+1 together with its world vector x(ξ) as the
order parameters fixing a macroscopic vacuum manifold of p-brane repre-
sented by Σp+1. The symmetry group of the vacuum manifold was fixed by
the condition of vanishing for the translational Cartan forms ωa orthogonal
to Σp+1. This resulted in emergence of constrained Cartan multiplets of the
unbroken subgroup SO(D − p − 1) ∈ SO(1, D − 1), their gauge invariant
interaction potential VDir (111) and the action SDir (113). The multiplet
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constraints were treated as the conserved Cauchy data for the corresponding
Euler-Lagrange EOM. Thus, SDir was shown to give an alternative descrip-
tion of the fundamental p-branes by the Yang-Mills (125) and Newton (126)
equations. Thereat, the evolution of p-brane metric was encoded by the
Gauss conditions (96) treated as the second order PDEs. For co-dimension
1 Habµν = j
ab
µ ≡ 0 and Eqs. (125-126) reduce to the (p+1)-dim. equation
lνρ = lνρSp(l
2), Spl = 0, (127)
where  ≡ ∇µ∇
µ is the D’Alembert-Beltrami operator for a tensor field on
Σp+1. Eq. (127) coincides with the Laplace-Beltrami equation for the second
fundamental form of minimal hypersurfaces in Euclidean space ([44],[45]),
but with the  operator substituted for the Laplace-Beltrami one. 5
The gauge approach can be generalized to the case of D-branes or M-
theory branes. This will modify the potential V in the action (105). It is
also interesting to quantize SDir using the well-known BRST-BFV method.
Quantization may fix the cosmological constant value and shed new light on
the problems connected with ghosts, anomalies and critical dimensions.
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